Given a twistor space over a Hermitian symmetric space of compact type we construct a map onto a twistor space over another inner symmetric space of compact type. This map is holomorphic and preserves the superhorizontal distributions. We describe an application to harmonic maps.
π : Z → P (see [10, 12] and the references therein for the twistor theory in the general case). Superhorizontal means that the differential of the twistor lift takes values in a certain distribution (cf. Section 2). In most cases this condition is not easy to satisfy (see the examples in Section 4). Hence not too many explicit examples for this construction are known. Unfortunately we do not get all harmonic maps from M into P in this way, but only a distinguished subclass: the isotropic harmonic maps. These maps also have another characterization, namely their associated family is trivial (see Eschenburg and Tribuzy [14, 15] ). For some Riemann surfaces M and some symmetric spaces P all harmonic maps are isotropic (cf. [8, 9, 11] ).
In the present article we start with a twistor space Z over a Hermitian symmetric space P of compact type. P arises itself as a (very singular) adjoint orbit in the same Lie algebra g as Z .
Hence the twistor fibration is in this case a projection between adjoint orbits in g. Our aim is to construct a third adjoint orbit Z ⊂ g, which will be a twistor space over another (not necessarily Hermitian) inner symmetric space P , and a projection ρ : Z → Z which is holomorphic and preserves the superhorizontal distributions (Theorem 5). Consequently, if H : M → Z is holomorphic and superhorizontal (the twistor lift of a harmonic map into P ), then ρ • H is the twistor lift of the harmonic map π • ρ • H : M → P (Corollary 7).
Birational correspondences between twistor spaces have been first observed by Bryant [4] and Lawson [19] for P = S 4 and P = CP 2 and generalized to the case of two arbitrary quaternionic Kähler symmetric spaces with the same dimension by Burstall [5] . Our construction is weaker since we cannot invert it. But this is the best we can hope for since Kobak [17] has shown that there are no other nontrivial invertible correspondences between different twistor spaces.
Canonical elements
Canonical elements were introduced by Burstall and Rawnsley [7] to study the relation between adjoint orbits and symmetric spaces. Their definition guarantees that every nonzero adjoint orbit is isomorphic to an adjoint orbit of canonical elements. Canonical elements are the Lie theoretic core of twistor theory. This section leads to the algebraic key observation, Theorem 4, we need for our main result (Theorem 5).
Since all simply connected inner symmetric spaces of compact type are products of irreducible ones we restrict our attention to compact real simple Lie algebras g. For any χ ∈ g the linear endomorphism ad(χ ) of g is skew-symmetric w.r.t.
the Cartan-Killing form of g. Thus ad(χ ) has purely imaginary eigenvalues. Given a real number k, we denote by g 
Burstall and Rawnsley [7, p. 42 
Proof. This lemma is a direct consequence of the following equation: 
We now show the converse inclusion. By property (C2) we have g
. Assume that our claim is true for all positive integers l < k. Again by property (C2) an element X ∈ g 
In view of the following Lemma 2, the induction hypothesis yields the claim. ad(ξ ) are just ±1 and 0. We say that these canonical elements are of extrinsic symmetric type, since their adjoint orbits are extrinsically symmetric (see Section 2). In the description (1), canonical elements of extrinsic symmetric type are of the form ξ = A j , where the coefficient of α j in the highest root of g is 1 (see [18] 
The condition τ χ = τ ξ implies that g 2k ⊆ g 0 for all k ∈ Z, in particular g 0 ⊆ g 0 . Thus χ and ξ commute and are both contained in a maximal Abelian subalgebra a of g. Let α : a → iR be a root of g corresponding to a with root space
The above discussion shows that the spectrum of 1 i ad(η) is integer and
If 1 is not an eigenvalue of 
Proof. Since χ and ξ are canonical elements, Lemma 1, the Jacobi identity and Eq. (3) imply g 
Recall that χ , ξ and η are contained in a maximal Abelian subspace a of g. Considering the roots of g corresponding to a, the element η, if nonzero, is not more regular than χ , and not more singular than ξ , in the sense that η annihilates not less roots than χ , but not more than ξ in total number.
Twistor fibrations over Hermitian symmetric spaces
Let χ be a canonical element in a compact real simple Lie algebra g. Since χ defines an involution τ χ = e ad(π χ) of g, it defines a simply connected irreducible symmetric space S of compact type; the one associated with the involutive Lie algebra (g, τ χ ) (see e.g. [7, 15] ). This symmetric space S is inner, i.e. the group G generated by its geodesic symmetries is connected, and our initial Lie algebra g is the Lie algebra of G. Choose a point p ∈ S such that the Lie algebra of its isotropy group G p ⊂ G coincides with the fix-space k χ of τ χ . Since the centralizer G χ of χ in G is connected, and since g χ 0 is contained in k χ , the centralizer G χ is contained in G p . This yields a G-equivariant fibration:
This map is called a twistor fibration, and the adjoint orbit Z is called a twistor space over S (see [7] ). There is a distinguished G-invariant subdistribution H 1 of the horizontal distribution of π , the so-called superhorizontal distribution. It is given by
The importance of this subdistribution comes from the application of twistor theory to harmonic maps (see Section 3).
A smooth map into Z is said to be superhorizontal if its derivative takes values in H 1 . The adjoint orbit Z also carries a natural complex structure induced by the identification of Z = G/G χ with G C /Q χ , where Q χ is the parabolic subgroup of G C with Lie algebra q χ = j 0 g χ j . Thus the i-eigenspace of this complex structure at the point χ ∈ Z is j>0 g χ j = (q χ ) ⊥ (see [1, 7, 15] ).
We want to study more closely twistor fibrations over those symmetric spaces P which admit a complex structure J enjoying the following properties: P is Hermitian and J is invariant under all geodesic symmetries of P and hence parallel. Symmetric spaces endowed with such a complex structure are called Hermitian symmetric spaces. In the next paragraph we show that irreducible Hermitian symmetric spaces of compact type arise as adjoint orbits of canonical elements of extrinsic symmetric type in simple Lie algebras, and vice-versa (see [16, 18] ). Thus, an adjoint orbit Z of a canonical element χ ∈ g is a twistor space over a Hermitian symmetric space if and only if the involution τ χ is of extrinsic symmetric type.
Let (P , J ) be an irreducible Hermitian symmetric space of compact type. Let g be the Lie algebra of the group G which is generated by all geodesic symmetries of P , and let s p be the geodesic symmetry of P at p ∈ P . We identify T p P with the (−1)-eigenspace p of Ad(s p ) by the differential of the projection G → P , g → gp at the identity. The extension of the complex structure J p : p → p at p to a linear map of g by setting J p = 0 on the 1-eigenspace of Ad(s p ) yields a derivation of g. Since g is simple all derivations of g are inner, and our extended J p can be considered as an element of g acting on g by the adjoint representation. This yields a map ι : P → g, p → J p . By construction ad( J p ) has eigenvalues ±i and 0, so that J p ∈ g is a canonical element of extrinsic symmetric type. Since J is G-invariant, the image of ι is the adjoint orbit
where o is some chosen base point in P . The space Z P is itself Hermitian symmetric. In fact, since J p , p ∈ P is a canonical element of extrinsic symmetric type Z P is an extrinsically symmetric submanifold of g (see [16] ). This means that Z P is preserved by the orthogonal reflections (w.r.t. the Cartan-Killing form κ on g) at all its normal spaces. The orthogonal reflection along the normal space at J p is the involution τ J p = e ad(π J p ) . Its restriction to Z P is the geodesic symmetry of Z P (endowed with the metric induced by −κ) at the point J p . The natural complex structure of
This shows that the geodesic symmetries of Z P are holomorphic. Hence Z P is a Hermitian symmetric space. Now ι : P → Z P is a covering map. But since both P and Z P are simply connected (because all Hermitian symmetric spaces of compact type are simply connected), ι is bijective and hence an embedding of P into g, called the standard embedding of P . Notice that we have shown the converse, too: Every adjoint orbit of a canonical element of extrinsic symmetric type in a simple Lie algebra is an (irreducible) Hermitian symmetric space of compact type.
Let π : Z = Ad(G)χ → S be a twistor fibration. Assume that S = P carries a complex structure J as above. Then, using the standard embedding ι of P into g, we can consider π as a fibration between adjoint orbits
(χ + ξ) in the simple Lie algebra g (Theorem 4). As the group G generated by all geodesic symmetries of P is connected, the same holds true for the centralizer G η of η. Since g χ 0 is contained in g η 0 we get a G-equivariant fibration
The (complexified) differential of ρ at χ ,
is an appropriate multiple of the identity on g One might interpret this as changing the sign of the complex structure on P .
Isotropic harmonic maps
We now apply Theorem 5 to the construction of isotropic harmonic maps (cf. Introduction, see [14, 15] ): Let h be a (full) isotropic harmonic map from a Riemann surface M into a standardly embedded irreducible Hermitian symmetric space P ⊂ g of compact type. This means that there is a suitable twistor bundle π : Z → P and a holomorphic superhorizontal map H : M → Z = Ad(G)χ (twistor lift of h) satisfying π • H = h. To avoid η = 0, we assume that h is not antiholomorphic.
Using the notations of Section 2 we consider the map
Since the twistor lift H and our fibration ρ : Z → Z are holomorphic, the same holds true for F . Moreover F is superhorizontal, because H is superhorizontal and ρ preserves the superhorizontal distributions by Theorem 5. Let now S be the simply connected inner symmetric space associated with the involuting Lie algebra (g, τ η ). Choosing a twistor fibration π : Z → S we get:
The construction of f is summarized in the following commutative diagram:
If h is holomorphic, the situation is trivial: S = P and f = h.
Our above procedure is inspired by a construction which originally goes back to Bonnet [3] . Bonnet's construction recovers surfaces of nonzero constant mean curvature (cmc) from their harmonic Gauss maps. Referring to works of Sym, Bobenko [2] gave a more explicit construction in terms of 1-parameter families in the early 1990s. Given a harmonic map h into the 2-sphere P = S 2 in R 3 , Bonnet and Bobenko constructed a map H into R 3 such that (under nondegeneracy assumptions) H + h is a conformal cmc immersion with Gauss map h. This construction allows a generalization to higher dimensions and codimensions, replacing the 2-sphere by standardly embedded Hermitian symmetric spaces P of compact type (see [13] ). Generally the maps H given in [13] (generalizing those of Bonnet and Bobenko) do not take values in adjoint orbits. Our construction deals precisely with the particular case of the generalization where h is isotropic. This case is only interesting for higher dimensional Hermitian symmetric spaces P because for P = S 2 isotropic harmonic implies (anti)holomorphic.
Examples
We now want to give a nontrivial example for our construction. The easiest examples are obtained in the complex Grassmannians, but our construction does not give anything new in this case. Hence we start with harmonic maps to another Hermitian symmetric space, the Grassmannian of oriented real 2-planes,
can be viewed as the complex quadric in CP n−1 . The construction of these harmonic maps goes back to P.Z. Kobak and was communicated to me by J.-H. Eschenburg.
We equip C n with the nondegenerate bilinear inner product x, y = x j y j and the standard Hermitian form (x, y) = 
(this can be obtained by solving a complex ODE). Let us consider the map H : M → Z assigning to z ∈ M the flag given by
This map is by construction holomorphic, and the superhorizontality condition is satisfied since c , c , c , c and c , c vanish, due to (5) . We now can describe the harmonic map h = π • H : M → P : it assigns to z ∈ M the real 2-plane spanned by the real and the imaginary part of c ⊥ (z), the component of c (z) which is ( , )-orthogonal to c(z).
Choosing appropriately the canonical elements χ and ξ in so n with adjoint orbits Z and P (see [6, 
Thus the harmonic map f : M → G + 4 (R n ) from diagram (4) assigns to z ∈ M the real subspace spanned by the real and the imaginary parts of c(z) and c ⊥ (z).
If we replace in our construction the element ξ (chosen above) by −ξ , as suggested in Remark 6, we get another twistor space Z − formed by all complex flags
with dim(U ) = 1. This space can be seen as the set of all 1-dimensional isotropic complex subspaces in C n , which is isomorphic to G + 2 R
n . Therefore we have a trivial twistor fibration. Our projection ρ − : Z → Z − maps the flag 0 ⊂ W 1 ⊂ (4) is holomorphic and maps z ∈ M onto the real 2-plane spanned by the real and the imaginary part of c(z). Thus f can be seen as the direct sum of h and f − in terms of 2-planes in R n .
